THEORY

Background: quantitative analysis and relation to previous modeling
Extraction of the dominant recovery time constant from flash responses.
The responses to saturating flashes of 88 individual rods of four mouse lines with different RGS9 expression levels investigated by Krispel et al. (1) were re-analyzed to determine the population average times in saturation (T sat ). T sat was calculated as the time between the midpoint of the flash and the time that the saturating response recovered by 10% (Fig.  1S, left panels) . For each flash strength, T sat was averaged for all rods of each mouse line. Variation in flash strength for the rods of a given line of mice was less than 0.5%.
Fig 1S. Left column.
Representative families of average flash responses from individual mouse rods that express four levels of the RGS9 complex. Brief (10 ms) flashes were delivered at t=0 s. Horizontal dashed lines indicate the 10% recovery point at which T sat was measured for each response. The red trace in each family is the response to ~430 photoisomerizations/rod per flash. The approximate RGS9 expression level, relative to WT (1X) is given in the middle of each row of panels. Right column. The time in saturation (T sat ) is plotted as a function of the natural logarithm of the number photoisomerizations/rod (Φ) produced by each of the flashes. Straight lines fitted by least squares regression to the "T sat vs.log e Φ" estimate the dominant recovery time constant τ D of the individual rods. (For statistical reasons, we averaged the T sat data for each RGS9 expression line -cf. Figs. 2, 3. We also generated theoretical predictions of the "rate-limiting rate", k obs =1/τ D -cf. Figs. 6, 7.)
Estimation of photoisomerizations per rod (Φ). The collecting area A c (in μm
2 )
of each rod was estimated from an ensemble of responses to a very dim flash, i.e., a flash that results in trial-to-trial fluctuations in photon capture. The early rising phase of the ensemble variance was scaled to match the mean squared response: the scaling factor that yields the match estimates 1/ Φ for that flash strength, and A c is then obtained by dividing the flash strength (photons μm -2 ) by Φ. The average values of A c (in μm 2 ) for the rods of the four lines of mice were (4X-OX: 0.47 ± 0.04, n=29; 2X-OX: 0.46 ± 0.05, n=19; WT: 0.43 ± 0.04, n=32; 0.2X-UX: 0.43 ± 0.11, n=9). To simplify the theoretical analysis we employed a grand average collecting area of 0.4 μm 2 . This value was multiplied by the calibrated flash strengths to specify Φ for the modeling.
Incorporation of a previous theoretical description of the activation phase.
The activation reactions of phototransduction have been analyzed in detail in biophysical terms (1, 2). Here we assume a widely accepted conclusion of the latter investigations, namely, that in the absence of deactivation a photoisomerized rhodopsin molecule R* generates active transducin α-subunits (G t α*) at a steady rate ν RG , and that G t α*s in turn stoichiometrically and with negligible delay activate phosphodiesterase (PDE6) catalytic subunits in a complex, G t α*-E*, and at a rate, ν RE , close to ν RG (3) . (Hereafter, since PDE is only active when G t α* is bound to it, we will refer to the complex G t α*-E* simply as E* when there is no loss of clarity). The result is that in response to flashes producing a number of photoisomerizations Φ ranging from 1 to several thousand, at early times during the activation phase of the response the number E*(t) of active PDE6 catalytic subunits climbs as a linear or "ramping" function of time (1, 2).
Kinetic scheme governing activation and deactivation of PDE
Rate equations. With the assumptions just stated, the rate equations governing the kinetic scheme resulting from the inclusion of the Michaelis module of Fig. 1B into the general scheme for the disc associated reactions (Fig. 1A) can be written as follows:
Equations S1 -S4 describe reactions that are confined to the disc face in an outer segment where a photon has isomerized a rhodopsin molecule. Linearity of the equations as a function of flash strength is reasonable because under the conditions of the experiments considered, no more than 1 photon is captured per disc face. In Eq S1 R* represents the equivalent number of fully active rhodopsin molecules in the outer segment at time t after a brief flash producing Φ photoisomerizations/rod, and k R is the rate constant of decay of R* activity, while in Eq S2 ν RE is the rate of activation of PDE catalytic subunits per fully active R* (1). In Eqs S2 -S4 the variable E represents the number of inactive PDE subunits in the outer segment, E* the number of subunits activated by the binding of G t α*, E′ the number of activated subunits to which RGS9 has also bound, and Rgs9 the density of RGS9 molecules in the outer segment disc membrane, determined for each of line of mice (METHODS). The notation and units of Eqs S1 -S4 were chosen to be consistent with previous work cf. (1-4) ; a complete list of the variable and parameters is provided in Table S1 . Expressing the variables E, E* and E′ in numbers of molecules per outer segment is useful because the reactions in the phototransduction cascade subsequent to E* activation take place in the cytoplasm, and in characterizing these latter reactions both E* and cGMP need to be referred to the cytoplasmic volume. The parameters k f , k cat , and k b are rate constants whose roles are identified in the scheme of ), while the product k f Rgs9 is a pseudo first-order rate constant, given the assumption that RGS9 concentration is effectively constant during the flash responses of the model rod (below). The value of the second-order rate constant k f determines the rate with which the two membrane-associated signaling complexes, G t α*-E* and RGS9-Gβ5-R9AP, find and bind each other. With RGS9 expressed in units of membrane density (molecules μm Conservation and initial conditions. To fully specify the system, to the rate equations Eqs S1 -S4 we must add a conservation equation and an initial condition. The conservation relation is
where E tot, disc face is the total number of PDE6 catalytic subunits per disc face (twice the number of holo-PDEs, since each PDE6 incorporates two catalytic subunits), and Φ is the number of disc faces with an isomerized rhodopsin. Equation S5 expresses the idea that a PDE catalytic subunit must be in one of the three states -E, E* or E′. (Eqs S1-S4 can also be reformulated on a "per disc face" by dividing both sides by Φ.) The initial condition applicable to the dark adapted rod is that all PDE catalytic subunits are unactivated, i.e.,
Solutions of the model. The system of equations S1 -S6 admits an analytical solution, which can be obtained with the Laplace transform method. Models employing the simplified scheme of Fig. 2A yield a solution for E*(t) that is the difference of two exponential decays (e.g. ref (4) . In contrast, solution of Eqs S1 -S6 yields a formula for E*(t) that is a weighted sum of three exponential decays. The rate constants of the three exponentials are k R , and the negatives of two roots, r + and r -, of a quadratic equation:
For all realistic values of the parameters the discriminant in Eqs S7 -S8 is positive, and the roots are both negative, so they give rise to exponential decay terms. Moreover, r + is always the root of lesser magnitude, and so its reciprocal corresponds to the smaller time constant. Thus, the theoretical rate-limiting rate constant of recovery is the lesser of r + and k R . (The term "rate-limiting rate constant" is awkward, yet precise: it refers to the smallest of the three rate constants that determine the system response, E*(t)). This novel "three-pole" form of E*(t) kinetics can readily be shown to predict an initial "ramping" of the rise of PDE activity, as required for consistency with prior biophysical analysis of the activation reactions of phototransduction (1, 2). For the two species E* and E′ the complete solutions are It can be shown that at t = 0 both Eq S9 and Eq S10 are equal to zero, as required by the initial condition (Eq S6), and moreover that at early times, when the first term of the MacLaurin expansion of the exponential terms applies, that Eq S9 yields the expression
and similarly for Eq S10. Thus, these equations are consistent with the analysis of Lamb and Pugh (17) , which showed that active PDE subunits initially build up as a linear function of time after a flash. Graphical presentation of Eqs S9 -S10 for maximum likelihood estimated parameters is provided in Figure 1S .
Critical assumption: Rgs9 is ~ constant. In solving the system embodied in Eqs S1 − S6, we assumed that Rgs9, the density of the RGS9 complex available for reaction with its substrate, G t α*-E*, remains effectively constant throughout the light response. A straightforward calculation shows this assumption to be well justified for responses to flashes of the strengths considered in this investigation. In mouse rods, RGS9 is expressed in a ratio of 1:269 to rhodopsin (5) and PDE at 1:310 (6), and since there are ~ 7 × 10 7 rhodopsin molecules (7), there are 2.6 × 10 5 RGS9 and 2.3 × 10 5 PDEs. Since the discs are spaced at 0.029 μm, a 23 μm rod has 793 discs or ~ 1600 disc faces, and thus ~ 160 RGS9 molecules and 143 PDEs per disc face. The total number of E*'s produced on a given disc face by a single R* is ν RE τ R , and assuming the longest R* lifetime consistent with the experimental data (τ R =50 ms) to be conservative, yields ν RE τ R = 375 × 0.05 = 19 E*'s per disc face, corresponding to ~12 % of the disc face's RGS9 content. Furthermore, because the interaction of RGS9 and E* is very brief, such that only 7% of the E*'s at any given instant are complexed with RGS9 (difference of red and black traces, Fig. 1S ), the maximum average number of molecules that would be complexed with RGS9 at any given time is 1 E*/disc face, less than 1% of the RGS9 available on a disc face. If ν RE = 700 s -1 the maximum number of E* that could be complexed with RGS9 rises to only 1.9% of the total RGS9 on a disc face.
Parameters and tradeoffs.
The values of six distinct parameters have to be specified to make predictions and test the model: Table  S1 ). Two of these, ν RE and E*(T sat ), can readily be seen to affect E*(t) in direct proportionality to one another. Thus, if ν RE were increased by a factor ρ during an optimization search (with all other parameters unchanged), it would be as though all the flash strengths were increased by ρ, shifting the predicted line in the "T sat vs Φ" plot vertically by ΔT = log e (ρ) (see Fig. 3 ); exactly the same would occur if E*(T sat ) were increased by ρ during a search. Because proportional changes in the values of ν RE and E*(T sat ) do not alter the T sat predictions made here, we elected to fix the parameter ν RE to 375 s -1 , while keeping in mind that any subsequent adjustment will result in a proportionately rescaled estimate of E*(T sat ). The selection ν RE = 375 s -1 was based on the value 125 s -1 estimated for amphibian rods at room temperature and the temperature dependence (Q 10 = 2.2) of G t (8) and of toad rod photoresponse kinetics (9), leading to the expectation that ν RE should increase ~ 3-fold from 23°C to 37°C. Subtler tradeoffs between the other parameters in generating T sat predictions are examined in RESULTS (cf Figs. 4, 5 ).
Additional biochemical, biophysical and physiological constraints
A critical relation for saturating intensities. The primary goal of the theory is to explain the dependence of the so-called dominant recovery time constant, τ D , on the level of expression of RGS9. As described by Pepperberg et al. (10) , the use of saturating responses simplifies the estimation of τ D , allowing neglect of complications that arise from the dynamic calcium feedback reactions that strongly affect the time course of subsaturating responses (e.g. ref. (11) . This simplification is possible, because with all the outer segment cGMP-gated channels closed for an adequate time, the Na + /Ca 2+ -K + exchange causes calcium to fall to a low level that will strongly and consistently activate guanylyl cyclase (GC). Thus, for such saturating responses, the following pseudo-steady state approximation should hold at the time when the response begins to recover from saturation:
In Eq S11, β dark is the rate constant of cGMP hydrolysis in the dark adapted rod, β sub is the hydrolytic rate constant of a single E* in a volume equivalent to that of the outer segment cytoplasm (1), cG 0.1 is the concentration of cGMP and α′ is the rate of cGMP synthesis at the time of 10% recovery from a saturating response. Since β sub , β dark , cG 0.1 and α′ are constants (and in particular, not directly dependent on RGS9 expression), it follows that at the turning point T sat of 10% current recovery
Equations S11 and S11′ implicitly assume that the rod outer segment is homogeneous in cGMP at the time T sat and that the distribution of E*'s over the outer segment is immaterial to this relation. The dimmest flash whose recovery is considered produced ~160 photoisomerizations, and so the R*'s would be spaced on average 0.14 μm or 5 discs apart. Assuming the effective axial diffusion coefficient for cGMP in the mouse rod to be 150 μm 2 s -1 (12) , it can be estimated that for this or stronger flashes cGMP would be effectively equilibrated axially in the outer segment in ~ 0.2 ms, a time scale far shorter than the time scale (tens of ms) of changes in cGMP pertinent to recovery from saturating flashes. Given such rapid axial equilibration of cGMP, the distribution of E*'s in the outer segment will not compromise the use of Eq S11. Although the relevant biochemical, biophysical and physiological properties of the mouse rod can be used to estimate the constant in Eq. S11′, the combined uncertainty in the underlying parameters makes it unwise to choose a particular value of the constant in advance. Thus, we adopted the approach of allowing E*(T sat ) to be determined in the fitting of the model.
Other constraints. Equation S11′ provides an important quantitative constraint, in that it relates the critical model parameter, E*(T sat ) to other experimentally measureable or specifiable quantities. Additional relations that constrain the permissible values of the parameters β sub , β dark and cG 0.1 of Eq S11′ are as follows:
Eq S15 ≈ Equation S12 spells out β sub in terms of the kinetic parameters of a PDE6 catalytic subunit, Avogadro's number, the volume of the outer segment cytoplasm and its buffering power for cGMP (1). Equation S13 is a special case of the Hill relation that governs the activation of the CNG channels, and specifies a condition that holds at the point of 10% recovery of the circulating current, and Eq S13′ makes the connection to Eq S11′ more transparent. Equation S14 is a relation that must hold in the dark steady state, in which the rate of cGMP synthesis, α dark must be equal to the rate of hydrolysis. Equation S15 is an empirical relation from investigation of the GCAP knockout mouse (11); this relation connects to Eq 9 via the hypothesis that at the time when the rod emerges from saturation the rate of cGMP synthesis should be approximately maximal, i.e., α′ ≈ α max . While Eqs S12 -S15 provide valuable additional constraints on the possible values of the parameters of the model -particularly on the value of the recovery criterion parameter, E*(T sat ) -they introduce additional quantities (n cG , cG dark , β sub ) that are not known with precision for the mouse rod at 37°C. Our approach has been to examine the degree to which parameters estimated by application of the model are consistent with Eqs S12 -S15.
Theoretical predictions
The system of equations, Eqs S1 -S6, was solved analytically with the Laplace transform method, and the solutions encoded in a Matlab TM (Mathworks, Natick, MA)
script; the values of the parameters of the model were specifiable via a graphical user interface or by a Matlab simplex search routine ("fminsearch"). For each specific set of parameters evaluated, the solutions were computed for the different flash strengths to which the rods were exposed, generating a family of theoretical E*(t) curves for each of the four RGS9 expression levels (Fig. 2S) ; these theory curves were processed automatically in the Matlab script to extract "T sat vs. log e (Φ)" theoretical predictions (Figs. 2S, 3S ).
.
Fig. 2S (above).
Time course E*(t) of activated PDE catalytic units predicted by the model with MLE parameters (Table 1, set 2) in semilog plots for rods of the four RGS9 expression levels: the red trace represents Eq S9, while the black trace represents the sum of the two forms of activated PDE, i.e., with and without the bound RGS9 complex (Eqs S9 + S10). The horizontal line plots the MLE of the recovery criterion parameter, E*(T sat ), whose intersections (o) with the theory traces generate the T sat predictions. In the investigation, the sum of the two forms of activated PDE were used (black trace) for making T sat predictions, but neglecting the complexed form (which can be obtained as the difference of the black and red traces) makes only a slight difference, readily compensated by a very small change in E*(T sat ). Thus, only a small fraction of total activated PDE is predicted to be complexed with RGS9 at any time.
Fig. 3S.
Analysis of the dependence of the predicted values of T sat on flash intensity. The two panels plot the time points (black circles) from the two upper panels in Fig. 1S as a function of flash intensity (the red circles plot the intersections of E*(T sat ) with the red trace in the panels of Fig. 1S .) The predictions represented by these plots were automatically fitted with linear regressions in the simplex search analysis.
The predictions for the two other RGS9 expression levels are similar and not shown.
Graphical analysis of predictions
The predictions of the model were routinely evaluated with several graphical analyses. The most commonly used are illustrated in Fig. 4S : the predictions are first plotted with the T sat data and error terms on an absolute, semilog scale ("Pepperberg plot"; Fig. 4S, left panel) , along with the parameters, and then are replotted as deviations on expanded ordinate scales that correspond roughly to the magnitude of the error terms for each RGS9 expression line (Fig. 4S, right panel) . Versions of these figures are shown in the main text (Figs. 2, 3) . Note that below the parameters listed in the left panel of Fig. 4S two quantitative measures of the goodness of fit are provided: the sum square normalized error (SSNE), and −log e (L), the negative logarithm of the likelihood function evaluated at this particular set of parameters. A Matlab graphical user interface (GUI) allowed the investigator to specify a set of parameters, and direct the program either to simply produce the theoretical predictions, or to initiate a simplex search with the inputted parameters as the starting point of the search. The GUI also allowed one or more of the parameters of the model to be specified as fixed at the initial value during the search. The simplex search process typically converged within 30 to 50 cycles. 
Maximum likelihood estimation of parameters and likelihood ratio hypothesis tests
Maximum likelihood method. The maximum likelihood (ML) method, originated by R. A. Fisher (13) , but further developed by many statisticians, was employed to estimate the parameters of the kinetic scheme that optimized the fit of theory to the T sat vs. flash intensity data (Figs. 2, 3) , and to test hypotheses about the kinetic scheme (Figs.  4, 5) . The ML method of parameter estimation is related to the more widely used leastsquares method, and like the latter yields theoretical curves that "best fit" data. To implement the ML method, a density function that specifies the likelihood L that any specifi set of parameter values in the 5-dimensional "global" space can account for the empirical T sat vs. log e (Φ) data: the maximum likelihood estimates (MLEs) are those specific values of the parameters that maximize L. [Note: L is a function of both the model's parameters and the T sat data, but as the data are fixed, we use notation that suppresses the data dependence, and simply write 
In Eq S16 the dependence of the likelihood function on the T sat data is rendered explicit, so that the role of the indices i, j, k will be clear. In this statistical model, in addition to the set or vector of parameters from the kinetic scheme (Table S1) , there is a standard deviation σ i associated with the T sat observations of each RGS9 expression level, and so the complete vector of parameters is
The complete likelihood function, given the entire set of T sat data, is then obtained as the product of Eq S16 over all RGS9 levels (i=1,…,L), flash intensities (j=1,…,N i ) and replications (k=1,…,M i,j ):
The standard deviations 1 ( ,..., ) L σ σ σ = augment the parameter space, but as they can be determined analytically, given any set of kinetic parameters, they pose no additional difficulty in producing a search algorithm that maximizes Eq S17. In sum, then, the likelihood function for the problem is a product of Gaussians, a positive-and real-valued function of the vector * θ of parameters, given the specific set of T sat observations: the maximum likelihood estimates or "MLEs" are those values of the parameters that yield the maximum value of Eq S17. ( ) 1 1 ( * |{ , , , }) exp Eq S17 2 2π
Wilks Theorem for testing hypothesis about the parameters. Let be the maximum of the likelihood function over the full (5-dim) parameter space, Ω = { (k R , k f , k b , k cat , E*(T sat )) }, and be the maximum likelihood in a well-defined subspace ω of Ω, defined, for example, by an hypothesis that restricts one or more parameters to a specific value. The likelihood ratio statistic is then defined by
Thus, the likelihood ratio statistic Λ is the ratio of the maximum likelihood under two conditions: in a restricted parameter subspace (the numerator of the ratio), and in the full parameter space (the denominator). Wilks (14, 15) showed that, under the null hypothesis that the true parameter set is to be found in the restricted space, is asymptotically (i.e., for large sample numbers) distributed as a χ 2 distribution with degrees of freedom equal to dim(Ω) -dim (ω), i.e., the difference in dimensionality of the larger space and its nested subspace. In this investigation we were interested in testing hypotheses that specified the value of a single parameter, such as k R , the rate constant of decline of R* activity (Figs. 4, 5 ; Table 1 ). ( )l og ( ) log (2 π )1
(The "hats" over, σ, L θ serves to emphasize that they are statistics, i.e., to be estimated from the data.) Eq S20 shows that the magnitude of the negative log likelihood statistic is determined primarily by the sum over RGS9 levels of the logarithm of 2 i σ (the second line of Eq S20 is obtained by substituting Eq S19 into the first line). Thus, the greater the squared deviations 2 i σ of the T sat observations from the theoretical predictions, the greater the value of log (
Measures of error compared. Root mean squared error (RMSE) is a more familiar error measure than the log likelihood for gauging goodness of fit. However, when the data are not homoscedastic (as clearly is the case for the T sat variations for the different RGS9 expression lines -cf Fig. 2) , normalization by the within-group standard deviation is called for as a means of appropriately weighting the deviations of the data from the theoretical predictions. Along with the log likelihood, we routinely used the metric "mean squared normalized error", defined by was within 5% of the minimum value (this region is represented in the left panel approximately by the red box). Distinctive parameter sets in this latter group were used as the starting points for the secondary screens, i.e. for the simplex searches for the MLEs, as a means of insuring that the entire space of plausible parameters was evaluated. A straight line has been fitted to the data: the slope of this line can be derived to a reasonable approximation from Eqs S20 and S21.
Uniqueness of MLEs. It needs be emphasized that there is no a priori guarantee that MLEs are unique: different sets of parameters can in principle produce kinetic models that equally well describe the data. The simplex searching process that maximized the likelihood function and consequent analysis were designed to accommodate this possibility, and recover all equivalent parameter sets. Stringent precautions were taken to insure that MLEs were indeed found by the simplex search routine. The likelihood function was computed over several large grids, each in excess of 67,500 values that spanned all reasonable combinations of parameters values. These results were screened by sorting and graphical analysis to determine parameter space regions of elevated likelihood, expressed and explored as the regions of the parameter space giving the lowest values ─ log e (L), i.e., the negative of the logarithm of the likelihood function. From these first screens, parameter sets were chosen to serve as the initial values in the simplex searches. Over the course of the investigation many hundreds of these "secondary screens" were run, employing several measures to characterize the goodness of fit of theory to data. Rate constant of dissociation of RGS9-E* complex S3, S4, S7 -S10
Rate constant of RGS9-catalyzed hydrolysis of G t α-GTP and E* inactivation S2, S4, S7 -S10 Table S1 (cont.) Table notes . Column 1 identifies the symbol of a variable or parameter used in the model. Column 2 gives the physical units of the parameter ("#" indicates a dimensionless quantity). Column 3 provides a brief description of the parameter or variable. Column 4 identifies equations in which the variable or parameter appears. The parameters β sub , α′ and β dark are not included in the main kinetic scheme ( Fig. 1 ; Eqs S1-S6), but play a role in the assessment of ancillary constraints (Eqs S12 −S15). Rate constant of cGMP hydrolysis in the dark adapted outer segment S11, S14 4 Nickell, S., et al. (16) . 5 Makino, C. L., et al. (17) . 
